Estimates of the characteristic of monotonicity in Köthe-Bochner function spaces E( X) with some consequences are given. Characterizations of strict and uniform monotonicity of the sequence lattice e(( X n ) ∞ n=1 ) are obtained.
Introduction
The problem of finding exact values or obtaining optimal estimates of various kind of characteristics in various Banach spaces or Banach lattices has been considered in literature by many authors. We will cite below the most important results connected with the characteristic of convexity, the characteristic of orthogonal convexity and the characteristic of monotonicity, respectively. We start with the characteristic of convexity (called also convexity coefficient). So far this characteristic has been studied for some Köthe spaces (see [11, 17, 19, 21, 24] or [25] ) and its relation to the fixed point theory has been observed (see [13, 28, 30] or [42] ). Besides L.L. Fang and H. Hudzik presented a new formula for the convexity coefficient of Orlicz spaces in [14] and S.H. Shu showed in [51] a relationship between the convexity characteristic and a smooth modulus. It is also worth to mention about Lindenstrauss formulae, which show us some relationship between Lindenstrauss modulus of smoothness of a Banach space X (respectively X * ) and the modulus of convexity of X * (respectively X ). Consequently, relationships between the characteristic of smoothness of a Banach space X (respectively X * ) and the characteristic of convexity of its dual space X * (respectively X ) are given (see [40] or [41] ). For more information about the modulus and the characteristic of monotonicity we refer to [30] or [16] . The coefficient of orthogonal convexity in Köthe spaces was considered in [31] by P. Kolwicz and S. Rolewicz. Moreover, they showed in the paper the best estimates of the coefficient of orthogonal convexity in Köthe-Bochner spaces E( X). Finally, let us mention a few words about the characteristic of monotonicity. Namely, Y. Lü, J. Wang and T. Wang in [44] calculated the values of the characteristic of monotonicity of Orlicz spaces equipped with the Luxemburg and with the Orlicz norm as well. Some of their results were improved in [20] , where the characteristic was calculated for Orlicz spaces with the Luxemburg norm not excluding cases when an Orlicz function Φ vanishes outside zero or has infinite values. A. Betiuk-Pilarska and S. Prus have recently showed a crucial theorem, which says that if X is a weakly orthogonal Banach lattice with ε 0,m (X) < 1, then X has the weak normal structure. Consequently, X has then the weak fixed point property (see [2] ). Recall also that for any real Köthe space E strict monotonicity and uniform monotonicity of E coincide, respectively, with complex rotundity and complex uniform rotundity of the complexification E C of E. This result was obtained independently by H. Hudzik and A. Narloch (see [27] ) and H. Ju Lee (see [37] ).
Recall that complex rotundity was introduced by E. Thorp and R. Whitley (see [52] ), while the notion of complex uniform rotundity was introduced by J. Globevnik (see [15] ). Recall also that complex rotundity properties have applications in the theory of vector-valued analytic functions. Namely, it is known that if f is a function from the unit disc B(C ) in the field of convex numbers C into a complex Banach space X and f is analytic, i.e. x * • f is analytic in the classical sense for any x * ∈ X * (= the dual space of X ) and the supremum of the function
then F is a constant function. But in the case when X is C -rotund we can also deduce that f is a constant function. For others geometric problems in Köthe-Bochner spaces we refer to [5] [6] [7] [8] [9] [10] 22, 24, 26, 29, [31] [32] [33] [37] [38] [39] [46] [47] [48] and [49] .
Let (Ω, Σ, μ) be a complete and σ -finite measure space and let E denote a Köthe space on the measure space (Ω, Σ, μ).
For a given Banach space X , the Köthe-Bochner space E( X) is the linear space of all (equivalence classes of) strongly Σ -measurable functions x from Ω to X such that the real function x : Ω → R defined by
belongs to E, endowed with the norm x E( X) = x E . Obviously, E( X) is a Banach space. If additionally, X is a Banach lattice, then E( X) is a Banach lattice (with x y iff x(ω) y(ω) a.e.) as well. For more facts about Köthe-Bochner spaces and their geometry, we refer to [8] and [39] . We introduce the following notations: S X and B X denote the unit sphere and the unit ball of X , respectively, and for
x ∈ X\{0} we writex = . By the notation 1 A we will mean the characteristic function of a given set A.
Moreover, let us denote by X a Banach lattice (X, . , ) and by X + the positive cone of X . Let S + (X) = S( X) ∩ X + and let us denote by
X is said to be strictly monotone (X ∈ (SM)) if for all x, y ∈ X + such that y x and y = x, we have y < x . Equivalently, we say that X is strictly monotone, if for all y ∈ X + and x ∈ S + (X) such that y x and y = x, we have x − y < x .
A Banach lattice X is said to be uniformly monotone
It is worth noticing that in the case of finite dimensional Banach lattices, thanks to the compactness of the unit ball in such lattices and continuity of the function 1 − x − y , uniform monotonicity is not distinguished from strict monotonicity. Besides monotonicity properties of Banach lattices X are strictly related to their convexity properties on the positive cone of X (see [18] ). Recall also that monotonicity properties have various applications, among others in the ergodic theory (see [1] ), in the dominated best approximation as well as in approximation problems (see [4, 23, 35] and [36] ) or in the fixed point theory (see [2, 12] ). More information and facts about Banach lattices can be found in [3, 41, 43, 45] or [50] .
Auxiliary facts
In the following E denotes a Köthe space and X denotes a Banach lattice even it is not indicated. 
Since the proof of the above fact is easy, we omitted it here. Now we will prove some Lemmas that will be used in the proof of our main Theorem.
Lemma 1.
Let X be a Banach lattice, x, y ∈ X + and 0 y x. Then
(1)
Proof. Since y x we have
which ends the proof. 2
Proof. It is obvious. 2
Lemma 2. Let X be a Banach lattice, x, y ∈ X + , 0 y x and ε ∈ (0, 1). If y ε, then
Proof. Assume that x, y ∈ X + , 0 y x and y ε, where ε ∈ (0, 1). Then
Applying inequality (1) we get
.
such that 0 y n x n for every n ∈ N and y n → 1, we have lim sup n→∞ x n − y n ε.
Proof. Fix arbitrary ε ∈ (0, 1). We only need to observe that in view of our assumption and Remark 1 we have
whence our thesis follows. Indeed, if there were sequences (x n ) in S + (X) and (y n ) in B + (X) such that 0 y n x n for every n ∈ N, y n → 1 and lim sup n→∞ x n − y n > ε, then we would find subsequences (x n k ) and (y n k ) of given sequences such that lim k→∞ x n k − y n k > ε. Hence there is l ∈ N such that x n k − y n k > ε for every k l. By virtue of (2) we get
Proof. Assume that the assumptions of the lemma are satisfied and there existsε ∈ (ε, 1) such that δ m, X (ε) = 0. Then
Therefore we can find sequences (x n ), (y n ) in X + such that x n = 1, 0 y n x n , x n − y n ε for all n ∈ N and 1 − y n → 0, i.e. y n → 1. Hence lim sup n→∞ x n − y n ε > ε, a contradiction, which finishes the proof. 2 Lemma 5. Let X be a Banach lattice and ε 0,m (X) = α, where α = 1. There are sequences (x n ) in S + (X) and (y n ) in X + such that 0 y n x n for all n ∈ N, lim n→∞ y n = 1 and lim n→∞ x n − y n = α.
Proof. If ε 0,m (X) = 0, then Fact 1 ends the proof. Assume that 0 < α < 1 and take a sequence (ε n ) in the interval (0, 1) with ε n α. Since for arbitrary n ∈ N,
we can find sequences (x n ) in S + (X) and (y n ) in X + such that lim n→∞ x n − y n = lim n→∞ ε n = α and lim n→∞ y n = 1. 2
Recall also two results from [20] , which will be useful in proofs of some corollaries that will follow from the main theorem. More precisely, we will need Corollary 2 in order to prove nontrivial corollaries of the main theorem.
Theorem 1. For any Banach lattice X the following formula for its characteristic of monotonicity holds true:
ε 0,m (X) = sup lim sup n→∞ x − x n : x ∈ S + (X), (x n ) ⊂ B + (X), 0 x n x ∀n ∈ N ∧ x n → 1 . (3)
Corollary 2. In a finite dimensional Banach lattice X the characteristic of monotonicity is just the length of the longest order interval lying in the intersection of the unit sphere of X and X
The proof of this corollary follows from Theorem 1 and from compactness of B( X) and S( X) if X is finite dimensional.
Results
Now we are ready to present the main result of this paper.
Theorem 2. For arbitrary Köthe space E and Banach lattice X the following estimates hold true:
Proof. The lower bound is clear since both spaces E and X are order-isometrically embedded into E( X). We will prove now the upper bound. Without loss of generality, we can assume that η := ε 0,m (E) < 1 and α := ε 0,m (X) < 1. Choose (x n ) in S + (E(X)) and (y n ) in E + (X) such that 0 y n x n for all n ∈ N with lim n→∞ y n E( X) = 1 and lim n→∞ x n − y n E( X) = ε 0,m (E(X)) =: ε. Denote: u n = x n , v n = y n , d n = x n − y n , D n = x n − y n = u n − v n , where x n (ω) = x n (ω) X for ω ∈ Ω and x n E( X) = u n E . Choose η n ↓ 0 and 1 > ε n α (i.e. 1 > ε n > α and ε n → α) such that η n ε n for all n ∈ N and lim n→∞ u n − v n γ n = 0, where γ n = η n δ m, X (ε n ). The last observation need to be explained. From the assumption that v n → 1 as n → ∞ it follows that lim n→∞ ( u n − v n ) = 0. Denote α = ε 0,m (X) and let α < ε n < 1 for arbitrary n ∈ N. 
Therefore, from the fact that δ m, X (ε n ) ε n for every n ∈ N, we get that
3 for all n ∈ N, and
as n → ∞. Moreover ε n → α as n → ∞. Indeed, in the interval (α, 1) the modulus of monotonicity δ m, X (.) is a strictly increasing function because it is convex. Therefore, ε n ∈ (α, 1) and lim n→∞ δ m, X (ε n ) = 0 imply that lim n→∞ ε n = α. Now we can come back to the proof of our theorem.
Define the sets
Next define
i.e. between the functions v n and u n on the set A > n we have the following inequality
Inequality (4) and f n 1 yield
Applying Corollary 1 to x n (ω) and y n (ω) with ω ∈ A n , we conclude that on the set A n we have
By virtue of inequalities (5) and (6), we get lim inf
Moreover, Lemma 3 gives that lim sup n→∞ u n − f n E η.
and the proof is finished. 2
Now we will present some corollaries of Theorem 2.
Corollary 1. If X is an uniformly monotone Banach lattice, then
for any Köthe space.
Corollary 2. Let E be a Köthe space. If E is uniformly monotone, then
for any Banach lattice X .
Corollary 3. The Köthe-Bochner space E( X) is uniformly monotone if and only if both lattices E and X are uniformly monotone. In particular, every finite dimensional Banach lattice E( X) is strictly monotone if and only if both finite dimensional Banach lattices E and X are strictly monotone.
Proofs of Corollaries 1, 2 and 3 are clear. Proof. Let α, η ∈ (0, 1) and take as E the normed space R 2 , which can be considered as a 2-dimensional subspace of the sequence space 2 , such that the positive part of its unit sphere is the set 
Corollary 4. The characteristic of monotonicity of the Köthe-Bochner lattice E( X) is equal to one if and only if the characteristic of monotonicity of E is equal to one or the characteristic of monotonicity of X is equal to one.

Proof
and this is, in fact, the largest order interval on S + (E), we have ε 0,m (E) = η. Observe that since ε 0,m (X) = α > 0, we find u n ∈ S( X) and v n ∈ X such that 0 v n u n for all n ∈ N, v n X → 1 and u n − v n X → α as n → ∞. Let us define in X × X :
where Θ is just zero element in X . Since the points 1 ⊕ 1, 0 ⊕ 1 and
Hence, by virtue of formula (3), ε 0,m (E(X)) ε.
Conversely. Assume that (x n ) and (y n ) are sequences in E( X) satisfying the following conditions:
y n x n for each n ∈ N, y n E( X) → 1 and x n − y n E( X) →ε > 0 as n → ∞. The elements x n and y n are of the form
where u n , v n , w n and z n are from X for each n ∈ N. Then, passing to a subsequence of N if necessary, we may assume without loss of generality that all conditions below are satisfied:
By the construction of the positive part of the unit sphere S + (E) and the fact that
From Lemma 3, the fact that v n X → v = 1 and ε 0,m (X) = α, we get
i.e. 0 q α. Moreover, 0 p = lim n→∞ u n − w n X lim n→∞ u n X = u 1, i.e. 0 p u 1. Hence and from monotonicity of the norm in E with respect to the partial order, we obtainε Proof. Let η ∈ (0, 1) and E = R 2 . We define the norm . E in E such that the positive part of its unit sphere is the set
where α = ε 0,m (X) ∈ (0, 1) and α η 2 . Observe that the norm with such S(E) is defined for all (x 1 , x 2 ) ∈ R 2 by the formula
we have ε 0,m (E) = η. By virtue of ε 0,m (X) = α > 0, we can find sequences (u n ) in S( X) and (v n ) in X such that 0 v n u n for all n ∈ N, v n X → 1 and u n − v n X → α as n → ∞. Let us define in X × X :
Conversely, if (x n ) and (y n ) are sequences in E( X) such that x n E( X) = 1, y n E( X) → 1, 0 y n x n for arbitrary n ∈ N and x n − y n E( X) →ε > 0, then without loss of generality we can assume that
where Θ ⊕ Θ w n ⊕ z n u n ⊕ v n in X × X for each n ∈ N (Θ is zero element of X ) and Therefore, ηu = ηw = 1 and lim n→∞ ηu n X = ηu = 1. Hence, by virtue of Lemma 3, we obtain
Some additional conclusions
The results of Theorem 2 suggest us to introduce two new parameters. 
Proof. By virtue of Definition 1 and Theorem 2 the proof of thesis (1) 
)
Let e be a Köthe sequence space and (X n ) ∞ n=1 be a sequence of real Banach lattices (X n , . n ). Sometimes we write shortly (X n ) instead of (X n ) ∞ n=1 . By the notation e(( X n ) ∞ n=1 ) (or e(( X n )) for short) we will mean the space of all sequences (x(n)) ∞ n=1 in the Cartesian product ∞ n=1 X n of all lattices X n such that the sequence ( x n n ) ∞ n=1 belongs to e. We consider the space e(( X n )) equipped with the norm
Notice that the space e(( X n ) ∞ n=1 ) with the coordinatewise partial order is a Banach lattice. Proof. Since e is order-isometrically embedded into e(( X n ) ∞ n=1 ) and for each j ∈ N, X j is order-isometrically embedded into e(( X n ) ∞ n=1 ), it is enough to show the sufficiency. In order to do it, assume that all Banach lattices (X n , . n ) are strictly monotone, the Köthe sequence space e is strictly monotone, 0 y x, x ∈ e(( X n ) ∞ n=1 ), x e(( X n )) = 1 and y = 0. Then A = {n ∈ N: y(n) = 0} = ∅. Since all lattices X n are strictly monotone, we get that x(n) − y(n) n < x(n) n for each n ∈ A. Hence denoting x = ( x(n) ) ∞ n=1 , we have x − y x and x − y = x . By strict monotonicity of e, we get x − y e(( X n )) = x − y e < x e , which means that e(( X n )) is Proof. Since e is order-isometrically embedded into e(( X n ) ∞ n=1 ) and any X k embeds continuously and order-isometrically into e(( X n ) ∞ n=1 ), the following inequalities are true for arbitrary ε ∈ (0, 1): δ m,e(( X n )) (ε) δ m,e (ε) (7) and δ m,e(( X n )) (ε) δ m, X k (ε). Thus δ m,e(( X n )) (ε) inf k∈N δ m, X k (ε). (8) By the assumption and inequalities (7) and (8), we get for arbitrary ε ∈ (0, 1) that 0 < δ m,e(( X n )) (ε) δ m,e (ε) ∧ inf k∈N δ m, X k (ε), whence it follows that e is uniformly monotone and all X k are equi-uniformly monotone.
Conversely, let e be uniformly monotone and all X n be equi-uniformly monotone. Fix arbitrary ε ∈ (0, 1) and let x ∈ S(e(( X n ))) and y ∈ e(( X n )) be such that 0 y x and y e(( X n )) ε. 
Besides for every n ∈ A, we have 0 
By virtue of the assumption of uniform monotonicity of e, the inequalities x(n) − y(n) n x(n) n for all n ∈ A c , and inequalities (10) and (11) 
